Liquid crystal flexoelectric actuation uses an imposed electric field to create membrane bending, and it is used by the outer hair cells (OHCs) located in the inner ear, whose role is to amplify sound through generation of mechanical power. Oscillations in the OHC membranes create periodic viscoelastic flows in the contacting fluid media. A key objective of this work on flexoelectric actuation relevant to OHCs is to find the relations and impact of the electromechanical properties of the membrane, the rheological properties of the viscoelastic media, and the frequency response of the generated mechanical power output. The model developed and used in this work is based on the integration of: (i) the flexoelectric membrane shape equation applied to a circular membrane attached to the inner surface of a circular capillary and (ii) the coupled capillary flow of contacting viscoelastic phases, such that the membrane flexoelectric oscillations drive periodic viscoelastic capillary flows, as in OHCs. By applying the Fourier transform formalism to the governing equation, analytical expressions for the transfer function associated with the curvature and electrical field and for the power dissipation of elastic storage energy were found.
Liquid crystal flexoelectric actuation uses an imposed electric field to create membrane bending, and it is used by the outer hair cells (OHCs) located in the inner ear, whose role is to amplify sound through generation of mechanical power. Oscillations in the OHC membranes create periodic viscoelastic flows in the contacting fluid media. A key objective of this work on flexoelectric actuation relevant to OHCs is to find the relations and impact of the electromechanical properties of the membrane, the rheological properties of the viscoelastic media, and the frequency response of the generated mechanical power output. The model developed and used in this work is based on the integration of: (i) the flexoelectric membrane shape equation applied to a circular membrane attached to the inner surface of a circular capillary and (ii) the coupled capillary flow of contacting viscoelastic phases, such that the membrane flexoelectric oscillations drive periodic viscoelastic capillary flows, as in OHCs. By applying the Fourier transform formalism to the governing equation, analytical expressions for the transfer function associated with the curvature and electrical field and for the power dissipation of elastic storage energy were found.
Introduction
In nature and physiology, biological liquid crystals (LCs) play significant roles as multifunctional materials [1] . This paper presents theory and simulation of a Schematic of the processes and mechanisms currently accepted to be involved in the functioning of OHCs. The oscillating electric field E(t) distorts the membrane through the flexoelectric effect. The membrane elastic E m curvature distortions are transferred to contacting viscoelastic fluids and deliver mechanical power P. The combination of flexoelectric actuation and mechanical actuation is flexoelectric mechanics (adapted from [11] ).
physiological actuator device whose functioning hinges on unique electromechanical properties of mesophases and that provides an example of responsive self-organized materials. The functioning of outer hair cells (OHCs) in the inner ear involves electric field-driven periodic curvature oscillations of LC elastic membranes that impart momentum and flow to the contacting viscoelastic fluids; the electric field actuation of the LC membrane is known as flexoelectricity [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . The key role of OHCs is sound amplification in the presence of viscous dissipation and elastic storage [10] . Hence, the full description and understanding of OHC functioning has to include the frequency response of flexoelectric membranes embedded in viscous and viscoelastic media due to an oscillating E field [11] [12] [13] [14] [15] . The field of flexoelectric membranes was pioneered and developed by Petrov and co-workers [2] [3] [4] 10] . The generic and key features of the electrical to mechanical energy conversion system in OHCs are described in figure 1 (figure 3 shows additional details). The input oscillating E field, through the electromechanical flexoelectric effect, produces curvature oscillations in the elastic membrane that forms the OHC [11] [12] [13] [14] [15] and that is surrounded by viscoelastic media. In turn, the oscillating elastic membrane displaces the contacting viscoelastic liquids through the mechanical viscoelastoelasticity effect [11] . The combined effect that allows the electromechanical energy conversion is based on the integration of the flexoelectric effect (E field imposed on flexoelectric membrane) and the mechanical effect (membrane elasticity plus viscoelastic bulk fluid flow) [14, 15] . The two key issues in this energy conversion device are (i) how much power P is eventually delivered to the contacting viscoelastic fluids from the imposed oscillating electric field E and how much stored membrane elastic energy E m is required to deliver that power and (ii) under which material conditions is a well-localized resonant power peak found (in the spectrum of P), as physiologically required [11] .
As expected, the issues (i) and (ii) identified above depend on (a) the E-frequency ω [11] as well as on (b) the material properties of the bio-device components discussed below.
(a) Frequency response
The intensity of the linear momentum transfer from the oscillating membrane to the contacting viscoelastic fluids depends on the imposed frequency [11] . Hence frequencydependent viscoelasticity is an essential ingredient of this important biological LC electromechanical oscillator [11] . Viscoelasticity is an important frequency-dependent property of synthetic and biological materials and processes [16] [17] [18] [19] . Biological systems respond differently to inputs of different frequencies [11] . Some systems may amplify components of certain frequencies, and attenuate components of other frequencies [19, 20] , and this property is crucial to understanding the processes that control the functioning of OHCs [20] [21] [22] [23] [24] [25] and hearing processes [26] [27] [28] . The frequency response [29] is the relationship between the system input and The magnitude |F D (jw)| represents the system's tendency to amplify or attenuate the input signal.
For the OHC, we show below in detail (figure 3 and § §2-4) that the inputs are the periodic electric field E(t) generated by the incoming acoustic waves, and the outputs are the volumetric flow rates of the contacting fluids and the membrane curvature. The phase angle φ in equation (1.2) is φ = arctan Im{F D (jw)} Re{F D (jw)} , (1.3) and it represents the tendency to delay the input signal and is intimately related to the memory of the fluids. Besides the role of fluid viscoelasticity, the functioning of OHCs is based on LC flexoelectricity [1] [2] [3] [4] . Hence, a key to OHC modelling that we have performed in this paper is to determine and characterize F D (jw) in terms of LC membrane flexoelectric elasticity and frequency-dependent fluid viscoelasticity. Then, we use these results to compute dissipation and elastic storage in our OHC model.
(b) Materials
Nematic liquid crystals are multifunctional self-organizing viscoelastic anisotropic materials whose orientational order responds to external flow, electromagnetic, chemical, optical and surface fields [11, [17] [18] [19] ; the orientational order is defined by the director n and the elastic distortions by director gradients ∇n [11, [17] [18] [19] . A distinguishing and novel property of nematics is flexoelectricity [1] [2] [3] [4] 11] , which describes the coupling between orientational gradients and electric polarization, such that an applied electric field creates orientational distortions and distortions create macroscopic polarization [1] [2] [3] [4] 11, [17] [18] [19] . The polar nature of splay S = n∇ · n and bend B = −n × ∇ × n orientational deformations can polarize the nematic LC medium [11] [12] [13] : 4) where P f is the flexoelectric polarization, and where the flexoelectric coefficients for splay and bend {c S , c B } are of the order of 10 pC m −1 . Equation (1.4) describes a sensor or the direct flexoelectric effect [11] [12] [13] where the deformation creates polarization. The actuation or converse flexoelectric effect [11] [12] [13] describes the flexoelectric director torque Γ f due to an electric field E
where we note that Γ f depends on E and ∇E. The torque Γ f is given by the sum of a flexoelectric stress T f and flexoelectric couple stress C f :
indicating how an E field creates a mechanical effect. The current potential applications of LC flexoelectricity include energy harvesting, electromechanical transducers and displays [11, 14, 15] . The electro-elasticity of synthetic and biological membranes can be efficiently described by LC models, using an approach denoted by nemato-membranology [11] [12] [13] [14] [15] . For example, the elasticity of biological lipid bilayer membranes is well described by the well- (b) Flexoelectricity in biological membranes due to bending curvature described by surface gradients of the unit normal k. The correspondence between nematic flexoelectricity and membrane flexoelectricity is obtained when the director n is identified with the membrane unit normal k (adapted from [11] ). (Online version in colour.)
bending 2k c H 2 and torsionk c K:
where H is the average curvature and K the Gaussian curvature, which follows from the nematic Frank elastic energy [11] [12] [13] [14] [15] : 8) where K 1 is the splay and K 24 is the saddle-splay constant; the geometrical quantities and definitions used in this paper are reported elsewhere [11, [17] [18] [19] . Nemato-membranology is applied by identifying the director n with the outer unit normal n = k in equation (1.8) , and considering surface gradient ∇ s , we obtain
which coincides with E H , and gives 4k c = (K 1 + 8K 24 ),k c = −2K 24 ; the surface gradient is given by the tangential projection of the total gradient: ∇ s (·) ≡ I s · ∇(·), I s = I − kk, since thin layers and membranes behave like LCs, membranes should also exhibit flexoelectricity or couplings between polarization and bending [1] [2] [3] [4] 7, 11, [17] [18] [19] . Figure 2 shows a schematic of flexoelectric polarization in rod-like and banana-like molecules and the corresponding membrane flexoelectric polarization; as noted above the physics and modelling are affected by identifying the director field n with the membrane normal k. Using the same approach as above, equation (1.4) gives the membrane polarization P due to membrane bending (∇ s · k): 10) where c f is the membrane flexoelectric coefficient, as indeed found experimentally [4] . The converse flexoelectric effect found from equation ( 11) where E // = (I − kk) · E is the tangential field. This equation shows that the converse flexoelectric effect in membranes exists when c f > 0, and E // = 0 or ∇ s (k · E) = 0. Both the direct and converse membrane flexoelectric effects are sensor-actuator properties when membrane curvature and polarization are coupled as in nematic LCs. Membrane flexoelectricity due to its inherent sensoractuator capabilities is an area of current interest in soft matter materials [1, 7, 8, [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Over the years, much literature has dealt with the problem of measuring flexoelectric coefficients in various LCs [11, 13] . For typical LC membranes, these coefficients range from 3 to 20 pC m −1 , but recent experiments have reported flexoelectricity coefficients of up to 35 nC m −1 in bentcore LCs [1] [2] [3] [4] 11, 13] . Such large bend coefficients make bent-core LCs practical materials for mechano-electric transduction [11] [12] [13] . The specific objectives of this paper are
(1) to derive a high-order dynamic linear model for a flexoelectric membrane attached to a capillary tube that contains viscoelastic liquids and is subjected to a fluctuating small amplitude electric field of arbitrary frequency; (2) to compute the frequency response of the electromechanical device, taking into account the viscoelastic nature of the contacting fluids; (3) to use the modelling results to characterize the role of membrane flexoelectricity and contacting fluid viscoelasticity in the transfer function of the device; and (4) to identify the material properties that lead to electromechanical conversion relevant to functioning of OHCs. 
Electro-rheological actuator model for flexoelectric membranes
To avoid repetition of lengthy derivations the reader is referred to a previous work [11] , where we describe the fluid viscoelasticity with a Maxwell fluid model, neglect momentum inertia (zero Deborah number: De = 0) and formulate the model in the time domain. In this work, we model the system in the frequency domain, include momentum inertia, and develop a generic approach that can be used in the future with any viscoelastic constitutive equation, as required by experimental results. The physical set-up and geometry of the flexoelectric membrane tethered to a capillary tube containing two viscoelastic fluids is depicted in figure 3 . A capillary tube of radius a contains an edge-fixed flexoelectric membrane located at z = 0. Above and below the membrane there are two viscoelastic fluids with column heights z = L, viscosities {η b , η t }, relaxation times {λ b , λ t } and densities {ρ b , ρ t }. The pressure at the top of the upper layer and at the bottom of the lower layer is equal to a constant, i.e. p t (ξ = 2L, t) = p b (ξ = 0, t) = p 0 . By imposing a fluctuating electrical field E(t), the membrane oscillates and displaces the upper and lower incompressible viscoelastic fluids; we emphasize that the Poiseuille flow is only generated by the flexoelectric effect of the membrane caused by the imposed E(t) field [11, 12] . The membrane deformation is described by a spherical dome of height h and radius R [12] . The shape equation that describes the average curvature H(t) dynamics of the membrane is found by formulating the normal stress balance equation across the oscillating flexoelectric membrane [11] [12] [13] :
Bulk viscoelastic fluids stress jump
Restoring membrane elastic force , (2.1)
where the geometric factor 1/ = a 2 /8 indicates the characteristic deformation area associated with the spherical cup shown in figure 3 and E = E · k. The shape equation (2.1) is a balance among membrane flexoelectric force, bulk viscoelastic liquid stress jump across the membrane and restoring membrane elastic force [11] [12] [13] . The oscillating flexoelectric force F E (t)
is proportional to the externally imposed E(t) field and the flexoelectric coefficient c f indicates the converse effect, through which E(t) creates the membrane vertical displacement [11] [12] [13] . As the membrane fluctuates, the contacting viscoelastic fluids dissipate and store energy through the oscillating upward and downward capillary flow [11] [12] [13] . The net vertical bulk force at the membrane |kk : T b |(t) contains both viscous and elastic contributions and is computed from the oscillatory viscoelastic capillary flow in a tube of total length z = 2L [11] . 
Bottom fluid layer: 5) where the total shear stress tensor σ rz is the sum of the two viscoelastic phases: 6) where η(t) can be considered as a time operator viscosity given by
and (ρ t + p b ) is the total density (top and bottom fluids). In equation (2.6), the constitutive equation for the shear stress is given by the linear viscoelastic Maxwell model. The extension for higher models and fractional models can simply be done by just changing the mathematical differential operator given in equation (2.7). Notice that the stress jump is linear with L. Combining equations (2.5) and (2.6), we have
The membrane elasticity gives rise to a restoring force proportional to the membrane average curvature H(t) = −R −1 (t) [11] [12] [13] 
where 2γ o + (2k c +k c ) = 4LM is the effective membrane tension that includes the membrane tension γ o , bending k c and torsionk c [11] [12] [13] from edge effects and M is the effective elastic force.
Device model
In this section we: (i) scale the model to elucidate the key parameter combinations that impact device performance, (ii) show that the mathematical model can be mapped onto a mechanical spring-dashpot model, (iii) describe the parametric restrictions inherent in the device, and (iv) classify the possible response modes according to physical properties (inertia, viscosity and elasticity).
(a) Membrane shape and fluid flow equations
By substituting equations (2.1) and (2.7) into (2.8), the following dimensionless membrane shapefluid flow equation is obtained: Scaling details are given in appendix A. The volumetric flow rate is linked by the speed average membrane curvature through
Equation (3.1) is a linear partial differential dimensionless equation that describes the spatiotemporal changes of the axial velocityv z (r,t) as a function of the viscoelastic and flexoelectric material parameters in the system through dimensionless characteristic numbers associated with each physical mechanism. The first term on the left-hand side of equation (3.1) describes the viscous force and the second term is the momentum inertia force. The right-hand side is the flexoelectric force. Key features of this fluid pump device derived from equation (3.1) are: (i) at zero frequency the solid-like membrane response is a * 0Ē (t) −MH(t) = 0 and (ii) at infinite frequency the solid-like response is given by the balance between De 2 (∂v z /∂t) = 4λ tλb (∂ 2 (a * 0Ē (t) − MH(t))/∂t 2 ). Hence membrane solid behaviour at large frequency only exists for De > 0. The mechanical response and energetic contributions of equation (3.1) were studied in [11] , which now serves as reference to characterize the effects of De, which scales the inertia force I(De,λ tλb ) generated by the flow kinematics:
Here, we show that in the inertialess regime the model can be mapped into a standard mechanical spring-dashpot model. By neglecting the momentum inertia (small Deborah number, i.e. De ≥ 0) in equation (3.1) and using equation (3.2), the following second-order linear differential equation is obtained: 
The electro-rheological model given by equations (3.4) and (3.5) was previously obtained by Dakka et al. [11] using a different mathematical approach. (See appendix A in [11] .) The device model given by equation (3.4) can be obtained directly by using a mechanical analogue as shown in figure 4 , where curvature is mapped into strain and the electric field is mapped into stress. This new result provides a basis to incorporate more complex polymer rheology into the material aspects of the device. The deduction of the mechanical analogue model involves the derivation of the elastic and viscoelastic operators and its proper configuration.
The total electrical force in equation (3.4) is the sum of two viscoelastic contributions (springs and dashpots) and the flexoelectric membrane:
The viscoelastic relationship between the electrical field and average membrane curvature for a Maxwell operator is 
(c) Dimensionless numbers
The governing equation (3.1) contains five dimensionless numbers {λ tλb , Ση, k, De, a * 0 } (see equations (A 1)-(A 10)) which are associated with the following mechanisms. (i) Memory (λ tλb ): product of the viscoelastic dimensionless timesλ t andλ b , it obeysλ t +λ b = 1 and defines the elastic asymmetry of the fluids. Whenλ tλb 1 (highly asymmetric case) one of the fluids is nearly inelastic and whenλ tλb = 1/4 (highly symmetric case) both fluids are equally elastic.
(ii) Bulk viscosity (Ση =η t +η b =Ḡ tλt +Ḡ bλb ): total viscosity in the system, where the elastic dimensionless moduli satisfyḠ t +Ḡ b = 1. The numerical value of this number is controlled by the product between the two dimensionless Maxwell time numbersλ tλb , Ση = Ση(λ tλb ). (iii) Elastic ratio (k): dimensionless ratio between the membrane and the total system elasticity:
A floppy (soft) and stiff (rigid) membrane corresponds to k 1 and k ∼ = 1, respectively. The elastic ratio, k = k(M) is determined by the dimensionless elastic membrane modulus. (iv) and (v) The Deborah De and flexoelectric a * 0 numbers given by
and
De is the ratio between the two time scales associated with inertia (t i ) and viscoelasticity (t ve ), and a * 0 is the dimensionless conversion of electric to elastic energy or equivalently the static transfer function at zero frequency. 
(d) Response mode classification
To satisfy equations (3.1)-(3.5), besides the restrictions noted above, the maxima and minima values of the total dimensionless bulk viscosity number (Ση min , Ση max ) must be bounded by the values of the Maxwell relaxation times in the bottom and the top fluids. Under perfect symmetry (identical elasticity in top and bottom fluids)λ tλb = 1/4, and the total viscosity is fixed at Ση max = Ση min = 0.5, while under nearly total asymmetryλ tλb ≈ ε 1, the total viscosity can vary between Ση max = 1, Ση min = ε 1. According to the magnitudes of the three dimensionless numbers {λ tλb , Ση, k}, the system (equation (3.2)) displays six distinct modes, summarized in space shown in figure 5 , spanned by fluid memory {λ tλb }, membrane elasticity {k} and total fluid viscosity {Ση}. The front edge of the prism, defined by the lineλ tλb = 10 −4 , Ση = 1, 0 < k < 1. In §4, we will report the role of De. Earlier, we worked without inertia [11] and we have established that mode III is the most relevant to the functioning of OHCs. Flow field characterization and visualization of importance to biophysical applications is left to future work.
Transfer functions and block diagram
In this section, we derive the energy conversion device block diagram and the transfer functions involved in converting the E-field into viscoelastic flow. The derivations involve using the Fourier transform to solve the governing equations (3.1) and (3.2) and details are shown in appendix B. We also demonstrate that the total transfer function follows from the Kramers-Kronig relations.
Block diagrams are useful tools to characterize complex dynamical systems. Taking the Fourier transform of equations (2.9)-(3.2) and (3. 
(a) Flexoelectric transfer function
The flexoelectric transfer function a * 0 (1 − k)/k converts theĒ input into membrane curvatureH and a pressure drop (
Output . 
(b) Differential operator
The speed of membrane curvature is the volumetric flow rate
as per equation (3.2). This block is a derivative operator which converts the kinetics of the membrane into a capillary flow and is the first component of the feedback loop.
(c) Rheological transfer function
The second component of the feedback loop is the rheological transfer function. The evolution of the membrane curvature causes a volumetric flow, which is regulated by the viscoelastic mechanism through a material viscosity function:
where the viscosity functionalΠ is given by (see equation (B 6b))
where J 0 and J 1 are Bessel functions. Combining equations (4.1)-(4.3), the relation between the average membrane curvature as a function of the applied electrical field is found to bē 
where
is a complex function of the Deborah number, the frequency, and the real and imaginary parts of the fluidities (inverse of the viscosities), and can expressed in terms of a power series:
Combining equations (4.5) and (4.6), the following compact form of the transfer function F D (ω) is obtained: where the coefficients δ k are real negative numbers (see appendix B). The convergence of the power series of equation (4.7) is slow; however, we are interested in a small contribution of the inertial mechanisms, so for N = 2, the system exhibits a resonance effect. The total transfer function given by equation (4.5) can now be represented in an equivalent simpler block diagram shown in figure 7 .
In equations (4.6) and (4.7), the complex fluidity 
(e) Kramers-Kronig relations
In this section, we show that equations (4.5) and (4.6) obey the well-known Kramers-Kronig dispersion relations, which have significant applicability in real systems since they relate real and imaginary components of the transfer function. Thus the real and imaginary parts of the transfer function given by equation (4.5) are given by
(4.10)
In equations (4.9) and (4.10), P is the Cauchy principal value. These two equations are the dispersion relations for F D (ω). For this system, the real and imaginary parts of the transfer function are analytical and can be expressed through equations (4.9) and (4.10). We note the following limiting regimes: Large Deborah numbers: when the inertia mechanisms are larger (De 1) the transfer function has the following asymptotic expression: 
Small Deborah numbers: the complex functionΠ (ω, β) reduces to the total viscoelastic function, i.e. Lim

De→0Π
(ω, β) →η(ω) = 1/φ(ω) given by equation (4.8). The feedback loop system given by equations (4.4)-(4.7) and figure 7 can be simplified to a simpler system given in terms of the electrical field (input) and average membrane curvature (output) and its equivalent transfer function given by
In equation (4.11),Ḡ * (ω) =η * (ω) · (jω) is the complex modulus. At small elastic ratio, k 1, and without inertial effects, equation (4.11) takes the following asymptotic form: 12) where is J * (ω) the compliance. The last equation implies that in the modes (I, III, V: floppy membrane) the response function is given by the product between the flexoelectric and flowrheology mechanism (compliance) F D (ω) ≡ a * 0 J * (ω).
Device characterizing functions: curvature, power and Q-factor
In this section, we use the transfer functions derived in §4 to express the equations that govern the membrane curvature, the fluid power and the Q-factor.
(a) Membrane curvature
The membrane shapeH(ω * ) responds to a complex exponential oscillatory electric fieldĒ(t,ω * ) = exp(jω * t ). The Fourier transformĒ(t,ω * ) = exp(jω * t ) can be expressed as a delta Dirac function, i.e.Ē(ω * ) = δ(ω −ω * ), so the average membrane curvature in the Fourier domain is given bȳ H(ω * ) = F D (ω * )δ(ω −ω * ). Finally, taking the inverse Fourier transform of the average membrane curvature, we haveH
The curvature moduli can be calculated from equation (4.5), so the real and imaginary parts of the membrane curvature are given as follows: For physical reasons, we are interested only in the real part of the average curvature function H(t,ω), so for the rest of the paper, the imaginary part of equation (5.2) is not taken into account.
(b) Fluid power dissipation and membrane elastic storage
The key quantities for the device are the mechanical power delivered to the viscoelastic fluids P(ω), the stored membrane elastic energyĒm(ω) due to curvature and the ratio of these two quantities, known as the Q-factor. The average power delivered to the viscoelastic fluidsP(ω) by the oscillating membrane is the period average of the product of the input forceĒ(t,ω) times 
. . . the flow rate¯ (t,ω) = −2 −1 dH(t,ω)/dt and is proportional to Im[F D (ω)]:
The period average elastic membrane energyĒm(ω) = Re[H(t,ω)] · Re[H(t,ω)] indicates the amount of energy stored by bending and is proportional to |F D (ω)| 2 :
The Q-factor is the ratio between stored elastic membrane energyĒ(ω) and the power delivered to the viscoelastic fluidsP(ω) by the oscillating membrane and is proportional to Re[
where the phase angle φ is defined in equation (1.3). The Q-factor is a measure of the relative importance of dissipative and storage processes, and depends on the inertia, memory of the two viscoelastic phases, bulk viscosity, elastic ratio and flexoelectric mechanisms, through the dimensionless numbers {λ tλb , Ση, k, a * 0 , De}. The magnitude of the Q-factor defines two important regimes {Q(ω) > 1; Q(ω) < 1}: In [11] , it was shown that the Q(ω) < 1 biological zone relevant to the functioning of OHCs was found in mode III (table 1) associated with maximum viscosity, high contrast between the viscoelastic contacting phases and small elastic ratio. In the next section, the membratodynamic model is extended taking into account the inertial mechanism using the transfer function approach.
Numerical results
This section presents the mechanical response (computed using equations (4.7), (4.8), (5.1)-(5.6)), fluid dissipation, membrane elastic storage and Q-factor as a function of the dimensionless frequency. The main objective is to identify material conditions that lead to a biologically relevant power spectrum with a well-defined resonant peak and Q-factor less than one (Q(ω) < 1), using the transfer function methodology of § §4 and 5. Table 2 figure 5 ; the other modes {II, IV, VI} corresponding to stiff (large k) membranes are not biologically relevant [18] either because they do not form power peaks or because Q(ω) > 1 (store more membrane elastic energy than inject momentum into the fluids). In the case when the inertial mechanisms are neglected, De 1, the real Re[F D (ω)] and imaginary Im[F D (ω)] parts of the transfer function behave as would be expected for a simple viscoelastic system displaying a single peak and two asymptotic plateaus separated by a power-law region (PLR). On the other hand, the power dissipationP(ω) shows a monotonically increasing behaviour followed by a plateau. It will be shown that under no inertia (De = 0) the powerP(ω) only shows a well-formed peak for mode III {LS, HV, FM} while all the other modes (I, V) do not. The elastic energyĒm(ω) shows a solid behaviour (whose range and magnitude depends on k) at low frequency and then a power-law behaviour with frequency for all modes. The Q-factor which is an index of merit for power delivery, decreases with frequency and eventually achieves a plateau in all cases, except again for mode III {LS, HV, FM}, where it eventually increases with dimensionless frequency. This tabular summary of generic dissipated power and stored energy features proves most useful to narrow the parametric envelopes relevant to the biological performance of this device. Figure 8 shows the mechanical response as a function of frequency for mode I, for De = 0. The transfer function behaves as a classical viscoelastic system, with the real part displaying low-and high-frequency plateaus and with a pulse in the imaginary part. The membrane behaves as a solid at low frequency and the power increases with frequency and fails to display a resonant plateau. Figure 9 shows the frequency response when the inertial mechanisms are present. The real part of the transfer function shows a single broad well. The imaginary part of the transfer function shows a classical resonance behaviour with two single peaks. It is found that inertia (De > 0) leads to a resonance behaviour in modes {I, III, V}, while table 2 shows that for De = 0 only mode III displays a well-formed power peak.
The power shows a single peak at high dimensionless frequency, and the elastic energy shows a single sharp peak profile.
(a) Fluid power dissipation and membrane energy storage I{LS, LV, FM} two plateaus at low and high frequencies and PLR. Constant value followed of an increasing behaviour until a plateau first pulse with the maximum peak centred in the resonance frequency, followed of a second single pulse. The value of the maximum second peak is less than the first peak ↑ single pulse with the maximum peak centred in a particular resonance frequency two plateaus at low and high frequencies and PLR. It is clear that inertia plays a crucial role in the amplitude and location of the power peak. At finite Deborah number (De = 10 −i ; {i = 4, 3, 2, 1}), the system displays power peaks whose values are determined by the contrast of the viscoelastic phases, total bulk viscosity and membrane elastic ratio. The inset shows the inertialess case De = 0 with only a broad power plateau. Figure 12 shows the power dissipation as a function of dimensionless frequency for De = 10 −4 , De = 0 and for several membrane elasticity ratios. The material properties used in the simulation correspond to mode III {LS, HV, FM}. It is clear that the elastic ratio k plays an important role in the amplitude, and affects the symmetry and frequency bandwidth of the resonance. As expected more floppy membranes will result in higher dissipation as they store more energy. Figure 13 shows the elastic membrane energy as a function of dimensionless frequency under weak inertia for modes {I, III, IV}, for De = 10 −4 and De = 0. Inertia generates an asymmetric well, indicating storage and solid-like behaviour in the terminal and large frequency zones, as noted in equation (5.5) . Inertialess conditions lead to an energy storage step, with little storage at large frequency since no solid behaviour exists at high frequency when De = 0. For brevity, we discuss only the key effects of fluid inertia (De) and membrane elasticity k on elastic storage (E). Increasing De decreases the width of the energy well and increasing k decreases its depth; the energy well is shown in figure 13a. As noted above inertia introduces solid response in the terminal and large frequency zones because both the input and output have second time derivatives and hence increasing De narrows the well. Increasing k increases the role of membrane elasticity at any frequency and hence the well is shallower at larger k. Figure 14 shows the Q-factor as a function of the dimensionless frequency for modes {I, III, V}. For figure 14a (De = 10 −4 ) the Q-factors are V-shaped with a superposed vertex blunting that increases with viscosity. Only modes I and III penetrate the important Q(ω) < 1 dissipation zone; small localized resonances are seen just prior to the increase of Q(ω). For figure 14b (De = 0), the Q-factors are J-shaped for mode I and III and blunted V-shaped for mode V. All modes penetrate into the important Q(ω) < 1 dissipation zone, but mode V renters the Q(ω) > 1 elastic zone at high frequency.
By combining the results from figures 8 to 14 and equations (4.9)-(4.11), we arrive at a qualitative picture of power deliveryP(ω) and of the Q(ω) factor of the device as a function of the elastic ratio k, presented in figure 15 in terms of the membrane stiffness. The region k > 1/2 is not relevant as the membrane is too stiff to absorb and release elastic energy. Since we demand Q(ω) < 1 and a power peak, only the lower left quadrant is relevant. Both conditions can be met only with mode I and De 1, and with mode III and De = 0; all other modes and conditions do not fulfil these criteria. The key requirements are: (i) asymmetric fluid elasticity (λ tλb 1), (ii) membrane flexibility (k < 1/2), and (iii) either large viscosity and no inertia (III), or inertia and low viscosity (I).
The material parameters of importance are: (i) density of the two viscoelastic phases, (ii) elastic membrane stiffness, (iii) elasticity of the two viscoelastic phases, and (iv) Maxwell relaxation times. The specific ways to adapt these parameters are by changing the concentration and the molecular weight distribution of dissolved polymer chains. To increase power amplitude, one of the liquid phases must be weakly elastic and the other one completely viscoelastic (phase asymmetry). To shift the position of the localized power plateau and width of the power plateau, the elasticity of the membrane with respect to the bulk (viscoelastic phases) must be tuned. To widen the power plateau, the Maxwell relaxation times, elasticity of the membrane and viscoelastic phases must be modified.
Conclusion
Membrane flexoelectricity is a novel electromechanical coupling effect that occurs in polarizable media under geometric curvature. The sensor effect is performed by bending induced electric polarization, whereas the converse actuation effect is performed by the membrane curvature induced by an imposed electric field. Membrane flexoelectricity is relevant to the biological functioning of the OHCs which act as amplifiers to counteract viscous dissipation through mechanic transduction and thus allowing hearing [11] [12] [13] [20] [21] [22] [23] [24] [25] [26] [27] [28] . The key challenge is to understand the coupling of oscillatory flexoelectric actuation and the viscoelastic phenomena of the fluids that are in contact with the oscillating membrane [11] [12] [13] . An efficient method to describe membrane flexoelectricity is to use the LC analogy that follows by identifying the director field of a nematic with the unit normal to the membrane [11] (figure 2). A key parameter is the flexoelectric coefficient which for biological membranes is of the order of 3-20 pC m −1 [11] . In this paper, we explored the dynamics of the actuation flexoelectric mode taking into account the inertial mechanism. An integrated dynamical model for the average curvature of flexoelectric membranes oscillating in viscoelastic fluid media under capillary confinement was formulated using a previously presented shape equation based on the LC approach [11] [12] [13] . The membrane curvature dynamics is given by a balance among the viscoelastic stress jump from the contacting bulk liquids, the restoring membrane effective tension, and the driving flexoelectric force (equations (2.1), (2.2), (2.5) and (2.9)) [11] [12] [13] . By using the flexoelectric shape equation in conjunction with a viscoelastic capillary flow model for the contacting phases (equation (2.8) ), we obtained a new average curvature dynamic equation (equations (3.1) and (3.4)) [11] . By applying the Fourier transform to the governing partial linear differential equation (equation (3.1) ) and using the relation between the speed of the average curvature and volumetric flow (equation (3.2)), a relationship between the average curvature and applied electrical field was found (equations (3.4) and (3.7)). The corresponding complex transfer function (equation (4.4) ) is a function of the inertia, asymmetry of the viscoelastic phases, total bulk viscosity and membrane elasticity, through characteristic dimensionless numbers associated with each mechanisms (equations (3.5a,b) and (3.8a,b)). At small Deborah number, the complex transfer function reduces to a previous viscous model (equation (3.4) ) studied at length in [11] . A thorough parametric study was performed to identify the conditions that lead to the emergence of a power pulse (table 1). It was found that the inertial mechanisms play an important role in the resonance curves associated with the power dissipation in the relevant modes {I, III, V}, which corresponds to the cases of low and high symmetries of the viscoelastic phases, low and sufficiently large total bulk viscosity and small elastic ratio indicating that less elasticity is stored in the membrane (table 2 and figures 8-10 ).
An evaluation of the present model predictions based on power profile indicates that the Helfrich-flexoelectric-Maxwell fluid model possesses the necessary physics to qualitatively capture electromechanical power conversion [11] (figures 9-14) . The linear model presented here is valid only for electric fields of sufficiently small amplitude, high dimensionless frequencies and small deformations [11] (equations (3.1) and (4.4) ).
The present theory, model and computations contribute to the evolving fundamental understanding of biological shape actuation through electromechanical couplings [5] [6] [7] [8] [9] [11] [12] [13] . 
